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Abstract. This paper considers the initial boundary problem to the planar 
compressible magnetohydrodynamic equations with large initial data and vac- 
cum. The global existence and uniqueness of large strong solutions are estab- 
lished when the heat conductivity coefficient k(8) satisfies, for any q > and 
C > 0, that 

c-\i + 9 q ) < k{6) < £7(1 + 9 q ). 



1. Introduction 

Magnetohydrodynamics (MHD) studies the dynamics of conducting fluids in an 
magnetic field. The MHD finds its way in a very wide range of physical objects, from 
liquid metals to cosmic plasmas, for example, see [3,23,30,33,37]. The governing 
equations of compressible planar magnetohydrodynamic flows, which implies that 
the flows are uniform in the transverse directions, take the following form: 

(H + (pu)x = 0, (1.1) 

( P u) t + (^ 2 + P + i|b| 2 ) =(Xu x ) x , (1.2) 

(jm) t + (puw - b) x = (jtiw^j, (1.3) 

bf + (ub- w) x = (vb x ) x , (1.4) 

[pe) t + {pue) x - {ne x ) x = \u 2 x + p\w x \ 2 + v\h x \ 2 - Pu x , (1.5) 

where the unknowns p > denotes the density of the flow, wet the longitudinal 
velocity, wgl 2 the transverse velocity, b g R 2 the transverse magnetic field, and 
e the internal energy, respectively. Both the pressure P and the internal energy 
e are generally related to the density and temperature of the flow according to 
the equations of state: P = P{p,0) and e = e(p,9). The parameters A = X(p,6) 
and p — p(p, 9) denote the bulk and the shear viscosity coefficients, respectively; 
v = v(p, 6) is the magnetic diffusivity acting as a magnetic diffusion coefficient of 
the magnetic field, and k = n(p, 9) is the heat conductivity. 

The system (1.1)— (1.5) are supplemented with the following initial and boundary 
conditions: 

(« ) w,b,e a )|«, = 0, (1.6) 
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(p,u,w,b,0)|t=o = (po(x),uo(x),w {x),bo(x),6 {x)), (1.7) 

where <9f2 = {0, 1} denotes the boundary of the interval f2 := (0, 1). The conditions 
(1.6) mean that the boundary is non-slip and thermally insulated. 

There have been a lot of studies on MHD by physicists and mathematicians 
due to its physical importance, complexity, rich phenomena, and mathematical 
challenges. Below we mention some mathematical results on the compressible MHD 
equations, the interested readers can refer [3,23,30,33,37] for complete discussions 
on physical aspects. We begin with the one-dimensional case. The existence and 
uniqueness of local smooth solutions were proved firstly in [42] , while the existence 
of global smooth solutions with small smooth initial data was shown in [25]. The 
exponential stability of small smooth solutions was obtained in [35,38]. In [13,40], 
Hoff and Tsyganov obtained the global existence and uniqueness of weak solutions 
with small initial energy. Under the technical condition that n(p, 9), depending the 
temperature 9 only, i.e., n(p,9) = k(9), satisfies 

C- 1 (l + 9 q ) < k(9) < C(l + 9 q ), (1.8) 

for some q > 2, Chen and Wang [4] proved the existence, uniqueness, and Lipschitz 
continuous dependence of global strong solutions to the system (1.1)-(1.5) with 
large initial data satisfying 

< inf p (x) < p (x) < supp (a;) < oo; p , u , w , b , 9 e H 1 ^), inf 9 > 0. 

The similar results are obtained in [5,43] for real gas cases. Recently, Fan, Jiang 
and Nakamura [8] obtained the global weak solutions to the problem (1.1)— (1.5) 
when the initial data satisfying the condition (1.8) with some q > 1 and 

Po 1 >Po € L°°(fl); po, u , w , b G L 2 (f7); 9 eL 1 (n), inf 9 > 0. 

Later they [9] obtained the existence, the uniqueness and the Lipschitz continuous 
dependence on the initial data of global weak solutions to the problem (1.1)— (1.7) 
when the initial data lie in the Lebesgue spaces. 

For the multi-dimensional compressible MHD equations, there are also many 
mathematical results. As mentioned before, Vol'pert and Hudjaev [42] first obtained 
the local smooth solutions to the compressible MHD equations. Li, Su and Wang 
[32] obtained the existence and uniqueness of local in time strong solution with large 
initial data when the initial density has an positive lower bound. Fan and Yu [11] 
obtained the strong solution to the compressible MHD equations with vacuum. 
Kawashima [24] obtained the smooth solutions for two-dimensional compressible 
MHD equations when the initial data is a small perturbation of given constant 
state. Umeda, Kawashima and Shizuta [41] obtained the decay of solutions to 
the linearized MHD equations. Li and Yu [34] obtained the optimal decay rate of 
small smooth solutions. In [14,15], Hu and Wang obtained the global existence 
of weak solutions to the isentropic compressible MHD equations and variational 
solutions to the full compressible MHD equations, see also [7, 10, 47] for related 
results. Suen and Hoff [39] obtained the global low-energy weak solutions of the 
isentropic compressible MHD equations. Xu and Zhang [46] obtained a blow-up 
criterion to the isentropic compressible MHD equations. We mention that the low 
Mach limit to the compressible MHD equations is an very important topic, and the 
interested reader can refer [16,19-22,28,29,31,36] and the references cited therein. 
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It should be point out that although there are many progress on compressible 
MHD equations it is still an open question to obtain the global strong or smooth 
solutions to the full compressible MHD equations with large initial data and possible 
vaccum even in the one dimensional case, see [15]. 

In the present paper we study the global existence and uniqueness of large strong 
solutions to the planner compressible magnetohydrodynamic equations (1.1)-(1.5) 
with large initial data and vaccum. We focus on the perfect gas case: 

P(p,6) := Rp6, e:=C v 9, 

where R > is the gas constant and Cy > is the heat capacity of the gas at 
constant volume. We will consider the case that the coefficients A, p, and v are 
positive constants and the heat conductivity coefficient depending the temperature 
9 only, i.e., n(p, 6) = k(6). Since the positive physical constants X,p,v,R, and Cy 
do not create essential mathematical difficulties in our analysis, we normalize them 
to be one for notational simplicity. 

The main result in this paper reads as follows. 

Theorem 1.1. Let n G C 2 [0, oo) satisfy the condition (1.8) for some q > 0. 
Suppose that the initial data (p o ,u o ,w o ,ho,0o) satisfy po > 0, 8q > 0, po G 

and the following compatible conditions 

(u )xx - (P0&0 + ^\ h o\ 2 ) x = \fP0~ 91, 

(W )xx - (bo)* = -y/PO g2, (1.9) 
(k(0o)(0o)*) x + [M*] 2 + l(wo)*| 2 + \(h ) x \ 2 = V/^ 93, 

for some gi, g2, ,93 € L 2 (£l). Then for any T > there exists a unique global 
solution (p,u,w,b,6) to the problem (l.l)-(l.l) such that 

peL°°([0,T];H 2 (Q)), p t e L°°([0, T]; H\tl)), 
(«, w, b, 9) G L°°(0, T; H 2 {n)) n L 2 (0, T; H 3 (n)), 
(^pu t ,^pw t ,b t ,VpO t ) G £°°(0,T;L 2 (tt)), 
(ut.wt.bt, fl t ) G L 2 (0,T;H\n)). 

There are two ingredients in our result comparing with the previous results on 
one-dimensional MHD equations mentioned above. First, in our result the initial 
density may contains the vaccum provided that it satisfies the compatible conditions 
(1.9). Next, a relaxed condition on the heat conductivity coefficient is permitted. 
In fact, in (1.8), we only need q > while in [4,5,43] required q > 2 and in [8] with 
q>l. 

Remark 1.1. It is possible to extend our results to the one- dimensional compress- 
ible MHD system with more general state of equations: 

P-n 2de +0 dP 
P - p dp- +e M 

with some additional assumptions. 

Remark 1.2. When there is no vaccum initially, we can improve the results in [8] 
to the case q > by applying the arguments developed here. 
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We remark that when taking w = b = the system (1.1)— (1.7) reduces to 
the well-known one-dimensional full Navier-Stokes equations and there are a lot of 
studies on this system. In the case of that the initial density is bounded away from 
zero, Kazhikhov and Shelukhin [27] first obtained the global smooth solutions for 
large initial data three decades ago, see also [1,26,48,49] for different extensions. 
Recently, Huang and Li [18] obtain the global smooth solutions to the full Navier- 
Stokes system with possible vaccum and large oscillations provided that the total 
initial energy is sufficient small. Wen and Zhu obtained the global smooth solutions 
to the one-dimensional full Navier-Stokes system [44] and symmetric higher dimen- 
sional full Navier-Stokes system [45] with large initial data. For the variational or 
weak solutions to the full Navier-Stokes system, see [2, 12]. 

We give a few words on the strategy of the proof. Since the initial data may 
contains the vaccum we first construct the regularized initial density pos(x) = po + S 
for any 6 > 0. Next, for each fixed 5, we can obtain the local and uniqueness exis- 
tence of strong solutions. Third, we establish sufficient a priori estimates uniformly 
with 5. Combining the local existence result, and the uniformly a priori estimates, 
we obtain the desired global existence result by taking the limiting as 6 — > + and 
applying standard continuity argument. We remark that the key point in the whole 
proof is to obtain uniformly a priori estimates where some ideas developed in [44,45] 
are adapted. Comparing with [44], the main additional difficulties are due to the 
presence of the magnetic field and its interaction with the hydrodynamic motion of 
the flow of large oscillation. We shall deal with the terms involving the magnetic 
field very carefully, see especially Lemmas 2.5-2.7 below. 

Before leaving this introduction we recall the following auxiliary inequalities. 

Lemma 1.2 ( [12,44]). Let tt = (0, 1) be an interval in M 1 . 
(i). Assume that p is a non-negative function satisfying 



In this section we will prove Theorem 1.1 by consider the initial density po$ = 
po + S, as mentioned before, to get a sequence of approximate solutions to (1.1)- 
(1.7), then taking 6 — > + after making some a priori estimates uniformly for 5. 
Since the proof of the local existence and uniqueness of strong solutions to the 
approximate problem is now standard [6,11], thus we only need to establish the 
uniform estimates. 






2. Proof of Theorem 1.1 
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Below we still use (p, u, w, b, 6) to denote the smooth solutions of approximate 
problem to (1.1)-(1.7). We shall denote Qt := O x [0,T] with T > and omit the 
spatial domain f2 in integrals for convenience. We use C to denote the constants 
which are independent of S and may change from line to line. 

To begin with the proof, we notice that the total mass and energy in the system 
(1.1)-(1.5) are conserved. In fact, by rewriting (1.1)— (1.5) one has 

(uu x + w • w x + b • b x + k(6)0 x ) x , (2.1) 



£t + 



" U - + ^ |b| 2 ) w b 



(pS) t + (puS) a 



«(«), 



ul + |w K | 2 + |b^p + k{6)61 



e ' e 2 ' 

where £ and S are the total energy and the entropy, respectively, 

£ := p(e + l -(u 2 + |w| 2 )) + i|b| 2 , S:=\n6- lnp. 
Integrating (1.1), (2.1) and (2.2) over Qt, we have 
Lemma 2.1. 



(2.2) 



p(x,t)dx = / po(x)dx, 



/ (p]np + p\]n6\)(x,t)dx + 



£(x, t)dx 

2 _i_ I, 



£ (x, t = 0)dx, 

+ |b,| 2 . K{Q)el 

Q2 



dxdt < C. 



Lemma 2.2. 



0<p(x,t)<C, (x,t)€Q T . 



(2.3) 



Proof. We need only to estimate the upper bound. Here we borrow the proof 
from [8] for reader's convenience. From (1.1) and (1.2), we have 



(pu)t 



pu 



Denote 



<!>:=[ P(x,r)dr+ f p(OMO^, 
Jo Jo 

we have 

4> x = pu, 4> t = P, 4>x\on = 0, <f>\ t =o = / Po(0 u o(0d£,- 

Jo 

By virtue of Lemma 2.1 and Cauchy inequality, it holds 



(2.4) 



<j)dx 



< C. 



Hence 



L° c (0 : T;L~(f2)) < C. (2.5) 

Now, denoting F :— and using (2.4), we have after a straightforward calcula- 
tion that 

D t (pF) := d t (pF) + ud x {pF) = - (p + i|b| 2 ) pF < 0, 
which together with (2.5) implies (2.3) immediately. □ 
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Lemma 2.3. Let < a < min{l,g} be any given constant, then it holds 



IIq t ( 

f 

Jo 



q—a + 1 



e a e 1+a 



< C. (2.7) 



Proof. The proof is similar to that given in [45] for symmetric Navier-Stokes equa- 
tions, we present it here for completeness. Multiplying (1.5) by 9~ a and integrating 
the result over Qt, we have 



'Qt 1+a 



-dxdt 



= 11 {(p9)t + (pu9) x +Pu x }8- a dxdt. (2.8) 

J J Qt 

Using (1.1) and Lemma 2.1, the first two terms on the right-hand side of (2.8) can 
be bounded as 

/ / {(J>0)t + ( P u9) x }8- a dxdt = f p f -^dtdxdt - f po f° ±dZdx 
JJqt Jn Jo s Jn Jo <, 

= [ --^—p8 1 - a dxdt - [ -^—p 9 1 n - a dx 
Jnl-a J n 1 - a 

<C + C [ \\9\\ l L Z?dt. (2.9) 
Jo 

By Cauchy inequality, Lemmas 2.1 and 2.2, we have 

Pu x 9- a dxdt <\ (( ^dxdt + C II p 2 9 2 - a dxdt 



Q t 2 JJQ 



<\JJ ^dxdt + c £\\e\\l-«dt. (2.io) 



Noticing < a < mm{l,q}, the Holder inequality and Lemma 1.2 imply that 

\ 1 L - 00 a dt<C+ / \\9- a 9 x \\ L 2dt 
Jo 

T / f fl2/)l-a \ !/ 2 



IQ 

for q > 1 — a, while 

C C \\9\\ 1 L Z?dt<C+ r \\9- a 9 x \\ L2 dt 
Jo Jo 
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<C + 



for < q < 1 — a. 

Putting (2.8)-(2.12) into (2.7) implies (2.6). By Lemma 1.2 and (2.7), we can 
easily get (2.7). □ 

Lemma 2.4. 

{u 2 x + \w x \ 2 + \b x \ 2 )dxdt< C. (2.13) 



Qt 

Proof. Multiplying (1.2) by u, using (1.1), and integrating the result over fl, we see 
that 

\ltt J P 11,2 d x + J u 1 dx = J Pu x dx — j ub ■ h x dx. (2-14) 

Similar, multiplying (1.3) by w, using (1.1), and integrating the result over Q, we 
obtain 

\~<E j P\ w \ 2 d x + j \w x \ 2 dx = j b x ■ wdx = — j b-w x dx. (2-15) 

Multiplying (1.4) by b and then integrating them over fi, we infer that 

J \ h \ 2 dx + J\ b x\ 2 dx = jbw x dx + j ubb x dx. (2.16) 

Summing up (2.14), (2.15) and (2.16), using (2.3) and (2.7), we get 

\j f f(pu 2 +p\w\ 2 + \b\ 2 )dx+ f(u 2 x + \w x \ 2 + \b x \ 2 )dx = J Pu x dx. (2.17) 

By Young inequality, Lemmas 2.1 and 2.2, the estimate (2.7), and the condition 
that < a < min{l, q}, we have 

(( Pu x dxdt<c[[ p 2 6 2 dxdt + )- [ \\u x \\ 2 L2 dt 
J Jq t J Jq t 2 Jo 

If 

2 Jo 

<cj* \\e\\ q L -« +1 dt + \j* \\u x \\ 2 L2 dt 

<C+l£ \\u x \\ 2 L2 dt. 

Integrating (2.17) over [0,T] and applying the above inequality give (2.13). □ 
Lemma 2.5. 

J(u 2 x + |w x | 2 + |b x | 2 + P 2 + P 6« +2 )dx 

+ [[ {pu 2 +p\w t \ 2 + \b t \ 2 + \b xx \ 2 + K 2 {6)6 2 x )dxdt< C. (2.18) 

J J Qt 

Proof. Multiplying (1.2) by u t , and then integrating them over 0, we infer that 
\d~tf u x^ x J P u td x + J puu x u t dx 



IQt jjq 

<c [ ||0|| L »dt+i f \\u x \\ 2 L2 dt 

Jo z Jo 

T -i f T 

'III 
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u t dx 



P+-\hY)u xt dx 



J (p + l -\h\^ju x dx- j 



p + -ibr u x dx 



d_ 

"dt 



p + ^\b\ 2 



u x -P--\h\ 2 



dx 



dx. 



(2.19) 



First, by Cauchy inequality and Poincare inequality, it is easy to find that 
J puu x u t dx <— J pu 2 dx + C J pu 2 u 2 dx 

J pu 2 t dx + C\\p\\ L oa\\ u \\ 2 Loo J u 2 x dx 

<C+-^J pu\dx + C^J u 2 x dx^j . 
From (1.4) and (1.5), we have 

+ b • (ub - w) x = (b • b x ) x - |b x | 2 , 



(2.20) 



P t + (uP - k(6)6 x ) x = u 2 x + |w x | 2 + |b x | 2 - Pu x 
Using (2.21), (2.22), (1.2), (2.3),and Lemma 2.2, we obtain 



(2.21) 
(2.22) 



dx 



J H + 1 

/[ 



Pu x - b ■ (uh - w)J [u x - P - -|b| 2 dx 



(( />-.b.b.,.;,'« !C -P--|b| 2 



dx 



1 



u% + |w x |^ - Pu x - b ■ (uh - w) x \ \ u x - P - -|b| 2 ) dx 
+ J (k(9)6 x - uP + h ■ b x ) (pu t + puu x ) dx 

< J \ u l + l w a:| 2 _ Pu x - b ■ (uh - W)J dx 



u x -P--\h[ 



+ \\k(0)6 x -uP + b- b x \\ L2 (\\^pu t \\ L 2\\p\\ 



1/2 
L 1 



<c 



u x -P~\\b\ 2 



L 1 



1 



Ux -p--lbl 2 



+ IIpIU°°II'w|U°°I|w x ||l2 



L 1 



x J (u 2 x + |w x | 2 + P 2 + |b| 2 + |b| 4 + u 2 + |b x | 2 ) dx 
+ C \\k{9)6 x - uP + h ■ b x \\ L2 (Hv^utlli* + C\\u x \\ 2 L2 ) 
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<C J (u 2 x + \w x \ 2 + P 2 + \b x \ 2 ) dx\l + \\u x \\ L 2 + \\pu t + puu x \\ L i} 

+ C \\ K (P)0 X - uP + b • b x || i2 (Wy/puth' + C\\u x \\ 2 L2 ) 
<c{l + \\u x \\ 4 L2 + ||w x ||£ 2 + ||b x ||£ 2 + M0)9 X \\ 2 L2 } + \\^pu t f L 2 ■ (2.23) 
Multiplying (1.3) by w t , using (2.3), and integrating the result over fi, we derive 

= j h x ■ w t dx - J puw x ■ w t dx 
= - J b ■ w xt dt - J puw x ■ w t dx 

b.w x< fc + /vw x cfc-/puw x .w t< fc 



d_ 

dt 



< 



j h-w x dx + J \h t \ 2 dx + C J \w x \ 2 dx 

Multiplying (1.4) by h t — b xx , integrating the result over 0, and using Cauchy 
inequality, we have 

j f J \b x \ 2 dx + J(\h t \ 2 + \b xx \ 2 )dx 
= J (w - uh) x ■ {h t - h xx )dx 

<C J \w x \ 2 dx + C\\u x \\l 2 + C||b x ||l 2 + -L J (|b t | 2 + \h xx \ 2 )dx. (2.25) 

Multiplying (1.5) by 9 q+1 , using (1.8), and integrating the result over fi, we find 
that 

j t f p6i +2 dx + C I K 2 eUx 



<C J (u 2 x + \w x \ 2 + \b x \ 2 + P 2 )9 q+1 dx 
<C J (u 2 x + | W;c | 2 + |b x | 2 + P 2 )^||^ +1 || L oo 
<C J (u 2 x + \w x \ 2 + \h x \ 2 + P 2 )dx{\\n6 x \\ L 2 + 1) 

<^\\^ x \\h+c( [(u 2 x + \w x \ 2 + \b x \ 2 + P 2 )dx) +C, (2.26) 



16 

where we used the estimate: 

\\0\\ q £<C(l + \\K(6)0 x \\v) (2.27) 

which can be derived from Lemma 1.2 and (1.8). 

Combining (2.19), (2.20), (2.23), (2.24), and (2.25) with (2.26), we arrive at 
(2.18). □ 
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Lemma 2.6. 



/ 



Pi + Ptdx + 



u 2 r ., r . + \w xx \ 2 dxdt < C. 



(2.28) 



Proof. Applying the operator d x to (1.1) gives 

Pxt + PxxU + 2p x u x + pu xx = 0. 

Multiplying the above equation by 2p Xl integrating the result over Q, and using 
(2.3) and (2.18), we find that 

d 



dt 



p x dx 



p x u x dx -2 1 pp x u xx dx 



J Pi (ux 



P ) d.r - I 



dx 



-2 1 pp x u xx dx 



< -3 

- 2 



J pi (u x 



dx 



<3 



pp x u xx dx 
u x -P-^\h\ 



j p 2 x dx + C\\p\\ L oo\\p x \\ L 2\\u xx \\ L 2 



<c 

+ C\\p x \\ L 2\\u xx \\ L 2 



L 2 



P -2 |b|2 



L 2 



p\dx 



(2.29) 



<C(l + \\^pu t \\ L 2)\\p x f L2 +C\\u xx \\ 2 L2 . 
On the other hand, it follows from (1.2) that 

\\u xx \\ L 2 <C(\\^/pu t \\ L 2 + \\puu x \\ L 2 + \\P X \\ L 2 + ||b • b x || L 2) 

<C(1 + \\y/p~U t \\ L 2 + \\U X \\ 2 L 2 + \\9 X \\ L 2 + \\p x \\ L 2\\e\\ L oo) 

<c(i + W^puth* + \\u x \\ 2 L 2 + \\K(6)e x \\ L 2 + \\p x \\ L 2\\e\\ L oo). (2.30) 

Inserting (2.30) into (2.29), using Lemmas 2.3 and 2.5, (2.27), and the Gronwall 
inequality, we have 

IIAe|!l~(0,T;L 2 (Q)) ^ C- 

It follows from (1.1), (2.3), (2.18) and (2.31) that 

||Pt|U°°(0,T;L 2 (O)) < C. 

Thus (2.30) yields 

\\h 2 {0.T;L 2 (Q.)) < C. 

It follows from (1.3), (2.3), and (2.18) that 

\\™xx\\L 2 (0,T;L 2 (n)) < C. 



(2.31) 



□ 



Lemma 2.7. 



/ 



(pu 2 + p|w t | 2 + |b t | 2 + u 2 xx + |w^| 2 + \h xx \ 2 + K 2 {9)6 2 x )dx 
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+ / / Kt + Iwxtl 2 + IM + M + K x )dxdt < C. 

'Qt 



(2.32) 



Proof. Applying d t to (1.2), we see that 



pu tt + puu xt - u xxt 



Ptu t - ptuu x - pu t u x . 



Multiplying the above equation by u t , integrating them over 0, and using (1.1), 
Lemmas 2.5 and 2.6, and Cauchy inequality, we obtain 

\jt\ pu t dx + J u ^ tdx 
= J + ^l b | 2 ^) u xt dx - 2 J puu t u xt dx - J p t uu x u t dx - J pu\u x dx 

< I \p®t + 9p t + b- b t )u xt dx + 2|| v /pu t || i 2|| v /p|| £ oo||u|| I , o||ti a . t || I ,2 

+ l|pt||L 2 IMk~ll u :r||L 2 ll u tlk°° + \\u x \\l°° J pu\dx 
<ei J u 2 xt dx + cj P 9 2 dx + ll^llloc + ||b t ||| 2 

+ C J pu 2 t dx+\\u xx \\ L 2 J pu 2 dx + C (2.33) 
for any < t\ < 1. 

Testing (1.5) by n(6)9 t = (^Jq k(t;)d£^J , using (1.1), Lemma 2.5, Lemma 2.6, we 
deduce that 

\jtj K2 W 9 * dx + I P<8)9tdx 

= — j pu9 x n(9)9 t dx — j p9u x n{9)9 t dx 



+ 



/<»* 



2 ) ( 



dx 



<e 2 J pn(9)9 2 dx + C J pu 2 n(9)9 2 x dx + C J p9 2 n{9)u 2 x dx 
d f f 

+ J t J (U 2 X + \w x \ 2 + \h x \ 2 ) J K{£)d£dx 

-2 J(u x u xt +w x -w x t + b x -b xt ) J K(£)d£dx 
<£2 J pn(9)9 2 dx + C J ndldx + C\\u x \\loo J p9 2 ndx 
+ j t j(u 2 x + \w x \ 2 + \b x \ 2 ) j\(0dtdx 

f e 

+ C(\\u x \\ L 2\\u x t\\ L ^ + ||w a; || L 2||w rf || i 2 + llbxII^Hb^ll^) / n(£)d£ 

Jo 

<e 2 J pn{9)9 2 t dx + C j n{9)9 2 x dx + C{l + \\u xx \\ 2 L2 ) j p9 2 (l + 9 q )dx 



12 JISHAN FAN, SHUXIANG HUANG, AND FUCAI LI 

+ C(||Uxt|U" + l|Wxt||^ + \\b xt \\ L 2)\\9(l + 0*)|| L co 

<e 2 J pK^diC + esdluxtllia + llwrflllii + llb^lliO 
+ C [ K(e)6 2 x dx + C(l + \\u xx \\ 2 L2 ) 



+ j t J(ul + \w x \ 2 + \b x \ 2 ) j\($dtdx + C\\6(l + 6«)f LOO , (2.34) 

for any < e 2 ,e 3 < 1. 

Applying the operator <9 t to (1.3) gives 

pw tt + puw xt - w xxt = -p t vf t - Ptuw x - pu t w x + b xt . (2.35) 

Multiplying (2.35) by w t , integrating the result over fi, and using (1.1), Lemmas 
2.5 and 2.6, we have 

\li J P\ Wt \ 2dx + j \™xt\ 2 dx 
= - 2 J puw t ■ w xt dx - J p t uw x ■ w t dx 
- J pu t w x ■ w t dx - J b x ■ w xt dx 

<2|| x /pW t || z ,2|| v ^u||Loo||w xt ||i,2 + |H|L2H|i~||w x || L 2||w t ||Loo 

+ \\VP^t\\L 2 \\Vpu t \\ L 2\\w x \\ L ^ + Hb^ll^llw^ll^ 
<C||7pw t || L 2||w :Et || L 2 +C||w t || L oo 

+ C||VpW t || i 2||^/pU 4 || i 2||w 2;x || L 2 + C\\\V xt \\ L 2 

<e 4 |kxt||!2 + C + C\\^pw t \\ 2 L2 + C\\w xx \\ 2 L2 \\^pu t \\ 2 L2 , (2.36) 

for any < £4 < 1. 

Applying the operator d t to (1.4) gives 

b tt - b xxt = -(ub - w) xt . 

Multiplying the above equation by b t , integrating the result over fi, and using 
Lemma 2.5, we find that 



\jt f h2 tdx + fb 2 xt dx 
= j (ub - w) t • b xt dx 
= J(u t b + b t u - w t ) • b xt dx 



<{\\b\\ L °o\\u t \\ L . + ||u|| L oc||b t |U2 + KiuoiiMi* 

<C(\\u t \\ L 2 + ||b t || L 2 + \\w t \\ L 2)\\b xt \\ L 2 

<C(\\u xt \\ L 2 + ||b t || L 2 + ||w xt || z ,2)||b xt || L 2 

<^l|bxt||i a + C(|M|| 2 + \\w xt f L2 + ||b t ||| 2 ). (2.37) 
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Combining (2.33), (2.34), (2.27), and (2.36) with (2.37), taking a (i = 1, . . . , 4) 
small enough, integrating the resulting inequality over (0, t), then we conclude that 



pu 2 +p\w t \ 2 +\t>t\ 2 +K 2 (0)8 2 x dx+ f f u 2 xt +\w xt \ 2 +\Kt\ 2 +p6 2 dxdt < C. (2.38) 

J Jqt 

where we have used the following estimate: 

Jo {jt J {ul + lWx{2 + ^ [ <^ dx ) dT 



J{ul 



< (u 2 x + \w x \ 2 + \b x \ 2 )dx 



Jo 



+ C 



<c 



<c 



f Kim 

Jo 



+ c 



+ C 



L- 



<C\\n(8)9 x \\ L , +C< e 5 \\ K (e)9 x \\ 2 L2 + C, 

for any < £5 < 1. 

It follows from (1.2), (1.3), (1.4), (2.38), and Lemmas 2.5 Lemma 2.6 that 



u 2 xx + \w xx \ 2 + \b xx \ 2 dx < C. 
Noting the above estimate, (1.5), and (2.38), it follows that 

\\9 xx \\h <C J (9 X +ui + |w x | 4 + \b x \* + P 9 2 + u 2 9l + 6 2 u 2 x )da 



<c + c 



p9 2 dx 



which yields 



'I e A x dx + c J , 

<C + C\\6 2 x \\ L oo J 9 2 x dx + C J P 9 2 dx 
<C + C\\(6 2 X ) X \\ L1 +C J P 9 2 dx 
<C + C\\9 x 9 xx \\ L i+C J p6 2 dx 

<c + c\\e xx \\ L2 + c J P 9 2 dx, 

\\0 XX \\ 2 L 2 <C + C J P 9 2 dx. 



Lemma 2.8. 



j{p 2 xx +p 2 xt )dx+ ff ( 
J J JQ T 



(Ptt + u 2 xxx )dxdt < C. 



(2.39) 
□ 

(2.40) 
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Proof. Applying the operator d 2 to (1.1) gives 

Pxxt — PxxxU 3p X xU x 3p x U X x pUxxx- 

Multiplying the above equation by 2p xx , integrating them over Q, and using Lem- 
mas 2.7 and 2.6, we find that 

d 



dt I p ™ dx 



= - 5 J Pxx u xdx - 6 J PxPxxUxxdx - 2 J pPxxUxxxdx 

<5\\u x \\ L °o J p 2 xx dx + 6\\Px\\l°°\\Pxx\\l 2 \\Uxx\\l 2 + 2||/3||l~|IAi:2:||l 2 II m 2:2:2:|U 2 



<C / p xx dx + C I u xxx dx + C. 



(2.41) 

Applying d x to (1.2), integrating them over 0, and using Lemmas 2.6 and 2.7, 
we infer that 



\U XXX \\ L 2 



< 



< 



(pu) 



xt 



pu 2 + P+\\h\ 2 



L 2 



L 2 



PxU t + pu xt + p x UU x + pu 2 x + pUUxx + PxxO + 2p x 9 x 

+ p9 xx + b • b xx + \b x \ 2 

+ l|p||i° o l|wx||i4 + IIpIIlHMUHKxxIU 2 + II^IIlHIaezIIl 2 

+ 2||p x ||loo II^xIU 2 + \\p\\l°°\\0xx\\l 2 + \\b\\L°°\\bxx\\L 2 + \\bxWh 

<C\\Ut\\ L a, + C\\ Uxt \\ L 2 + C + C\\ Pxx \\ L 2 + C\\ Px \\ L a, + C\\9 XX \\ L 2 

<C\\u xt \\ L 2+C + C\\ 

Pxx || L 2 

+ C\\0 xx \\L Z ' 

Inserting the above estimates into (2.41), and using Lemma 2.7 and the Gronwall 
inequality, we get 



j Pl x dx + 


/ / u xxxdxdt < C. 




J J Q T 



Since 

Pxt = -{pu)xx, 

it is easy to show that 

J P 2 xt dx <C J (p 2 u 2 xx + p 2 x u 2 x + p 2 xx u 2 )dx 

<C J (u 2 xx + p 2 xx )dx + C\\u x \\ 2 L ~ J p 2 x dx < C. 

Finally, noting 

Pu = ~(pu)xt = ~(PtU + put)x = -(Pxtu + p t u x + p x u t + pu xt ), 
it holds that 

J J p 2 t dxdt <C\\u\\ 2 L oo (Qt) JJ^ p 2 xt dxdt + C\\p t \\ 2 L ^ (QT) JJ^ u 2 x dxdt 
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<C If (pit + u 2 x +u 2 t + u 2 xt )dxdt 

J JQ T 



IS 



<C + C u xt dxdt < C. 



□ 



Lemma 2.9. 



[ p0 2 dx + [[ \{n{6)6 x ) t \ 2 dxdt < C. (2.42) 

J J JQ T 



Proof. Applying d t to (1.5) gives 
p9 tt + pu6 xt - (n(9)9 x ) xt 
=2{u x u xt + w x w xt + b x b xt ) - pu xt - p t u x - p t 9 t - p t u9 x - pu t 9 x . 

Multiplying the above equation by n(9)9 t — J® K(^)d^j , integrating them over 
f2, and using (1.1), {n9 t ) x = [n9 x ) t , Lemmas 2.7 and 2.8, we infer that 

IfL J pK (6)9 2 t dx + J \(ne t ) x \ 2 dx 
J- I p9 2 (K(9)) t dx+± J pu6 2 ( K (6)) x dx 
+ 2 J (u x u xt + vvr • w xt + b x ■ h x t)n{9)9 t dx 
- J(Pu xt + P t u x + p t 9 t + p t u9 x + pu t e x )n(9)9 t dx 
<\\\{K{0))t\\L°o ( P 9 2 t dx + \ ( p6 2 t dx\\u\\ L oo\\{K{6)) x \\ L oo 



"2 



+ 2(||ti x || I ,2||ti a:t || I ,2 + 1^^11x2 ||w xt || jL 2 + Hbsll^llbstllx^llK^tllioo 

+ (||P||L«||«rtlU= + ||/>tM|0|U~IMU~ 
+ llv^tlU a llv^lk~KIU~) \H^t\\ L oo 

+ J(pu) x K9 2 dx+ llptll^Hulliooll^ll^llK^fltllioo 

+ Hv^«t||L»||>/p|k«ll^||L»||«(^ t || i oc 

<C\\K(0)O t \\ L ~ J p9 2 dx + C\\9 xx \\ L 2 1 P 9 2 dx 

+ C(\\ Uxt \\ L 2 + \\w xt \\ L 2 + Hbxtll^JH/S^fltllLoo 

+ C(l + HvWIMIKWIloc - J pu(k9 2 ) x dx. (2.43) 
Noting that 

IKWIloo <c( [ p K (9)\0 t \dx + \\( K (9)9 t ) x \\ L 2 



<C 1+ / pK{9)6idx+\\{K{9)6 t ) x \\ L 2 , (2.44) 
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and 

-J pu( K (9)9 2 ) x dx 
= - J pu(n(9)9 t ) x 9 t dx - J pun{9)9 t 9 xt dx 

<\\u\\ L oo\\^p0 t \\ L 2\\^p(K(6)6 t ) x \\ L 2 

+ \\u\\Loo\\y/p6 t \\ L 4jp[{K(6)0 t ) x - n'(9)9 x 9 t ]\\ L2 

<c\\^pe t \\ L 2\\( K (6)e t ) x \\ L 2 + c\\^pe t f L 2\\e x \\ L ~ 

<C\\Jp9 t \\ L 2\\(K(e)6t) x \\ L 2 + C\\9 xx \\ L 2\\^-p9 t \\ 2 L2 . (2.45) 

Inserting (2.44) and (2.45) into (2.43) and using the Gronwall inequality, we 
arrive at (2.42). □ 

Lemma 2.10. 

feljx+ff e 2 xxx dx<c. (2.46) 

J J JQ T 

Proof. It follows from (2.39) and (2.42) that 

f 2 xx dx < C. (2.47) 

It is easy to verify that 



T 

" n t\\L 



0,\\ 2 r.oodt< 







/ \\K(6)e t \\ 2 L „dt<C [ \\(K(9)9 t ) x \\ 2 L2 dt + C <C. (2.48) 
Jo Jo 

Since 

K(9)e xt = {n{9)9 t ) x - K '(9)9 t 9 x , 
by applying (2.48) and Cauchy inequality, we have 

/ / 9 2 xt dxdt <C [[ n 2 (9)9 2 xt dxdt 
JJq t JJQt 

<C [[ \{n{9)9 t ) x \ 2 dxdt + C (f («' ' {9)) 2 9 2 9 2 x dxdt 

JJQt JJQt 

<C + C [ 7 ' \\6t\\l~\\0 x \\ 2 L 2dt 
Jo 

<C + C f \\9 t \\ 2 Lao dt < C, (2.49) 
Jo 

Applying the operator d x to (1.5) gives 

k(9)9 xxx = - 3k'(9)9 x 9 xx - n"{6)6 x - 2(u x u xx + mv x ■ w xx + h x ■ h xx ) 
- pxd t - p9 xt - (pu9 x ) x - (p9u x ) x , 

whence 

J 9 2 xxx dx < J K 2 (9)9 2 xxx dx <C J 9 2 x 9 2 xx dx + C j 9 x dx 

+ cj (u 2 x u 2 xx + \w x \ 2 \w xx \ 2 + \h x \ 2 \h xx \ 2 )dx 

+ C\\p x \\l-J 9 2 t dx + C\\p\\ 2 L ^ J 9 2 xt dx + C\\pu\\ 2 LOO J 9 2 xx dx 
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+ C||Px||!oo||u||loc||^||!2+C||p||!oc||u :c ||!oc||^||!2 

+ cilP-iiioo ii^iiiooii^ni, + cilPllioo H^Hioo ii^ni, 
+ ciMl£~l|0||iocK*lli a 

<C + C [ 9 2 t dx + C [ 9 2 xt dx, (2.50) 



by Lemma 2.7, Lemma 2.8 and Lemma 2.9. 
The estimates (2.48), (2.49) and (2.50) imply 



Qt 



% xx dxdt < C. 



□ 



By combining all the estimates obtained above, we get sufficient a priori estimates 
uniformly with S to take the limit S — > + and extend the local strong solutions to 
be global one. Since the process is standard [6, 11], we omit them here for brevity. 
Hence the proof of Theorem 1.1 is completed. 
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